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Abstract 
It has been demonstrated that electron 
holography is a very powerful tool to investi-
gate an electromagnetic potential in medium 
resolution, since the phase of an electron wave 
is approximately proportional to the potential. 
Now, electron holography is at the second stage 
of development: to establish holography at 
atomic resolution and further to realize 
Gabor's idea to improve the resolution re-
stricted by the spherical aberration of the 
objective lens. We investigate the possibility 
of electron holography to get information at 
atomic resolution by computer simulations as 
well as by digital processing of electron holo-
grams. We show that the phase distribution 
has more resemblance to the specimen struc-
ture than the amplitude distribution. We also 
compare electron holography with electron 
microscopy from an image processing point of 
view. 
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Introduction 
The resolution of the electron microscope 
has been restricted by the spherical aberration 
of an objective lens. According to Scherzer 
(1949), the resolution is proportional to 
(Cs)._3)114, where Cs is the spherical aberra-
tion coefficient and A the wavelength of elec-
trons. Therefore, the resolution of the electron 
microscope has been improved by decreasing 
the spherical aberration coefficient or the 
wavelength of electrons. However, this 
prescription of improvement of resolution has 
almost reached its limit. 
On the other hand, the idea of holography 
has been proposed by Gabor (1949) in the early 
days of electron microscopy as a mean to 
improve resolution of an electron microscope 
by correcting the spherical aberration of an 
electron lens. However, since holography re-
quires a coherent source of illumination, there 
has been little activity to improve the resolu-
tion of electron microscopy for a long time. 
The holography requires a reference wave 
which can interfere with an object wave. 
Gabor has proposed to use an unscattered wave 
as the reference wave, but this inline hologram 
has severe restrictions such as conjugate 
image effects. The idea of holography finds its 
application in the field of light optics after the 
development of laser technology. Leith and 
Upatnieks (1962) have invented so called "off-
axis" holography, where the reference wave is 
tilted with respect to the object wave. Here, 
the reference wave has been produced by 
splitting a light wave by a half mirror 
(amplitude division). The same thing has been 
tried by splitting an electron wave by using 
diffraction effect by single crystals with 
little success. In this case, temporal coherency 
determines the quality of holograms. 
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Figure 1: (a): projected potential distribu-
tion of model structure of TiO2. Here, 2x2 
unit cells are shown, which corresponds to the 
area shown in figures from 2 to 4. The darker 
regions correspond to titanium atoms. (b): its 
reciprocal lattice, where circles 1, 2 and 3 
indicate the resolutions of 4.2, 6.0 and 8.4 
nm· 1 , respectively. 
Another method to make the reference wave 
by splitting a wavefront with a biprism 
(wavefront division) has been developed by 
Mollenstedt and his coworkers (e.g. Mollenstedt 
and Duker, 1955). Here, spatial coherency 
realized by a parallel illumination is most 
important. To obtain parallel illumination, we 
need an electron source with high brightness. 
The spatial coherency of the electron source 
has been improved within these two decades by 
using a field emission gun first used for STEM 
by Crewe, Wall and Langmore (1970). 
Electron interferometry has been developed 
by using the electron biprism and the field 
emission gun. Some recent interesting appli-
cations of this technique are the measurement 
of electrostatic potentials near p-n junctions 
(Chen et al., 1989) and the demonstration of 
the Aharonov-Bohm effect (Tonomura et al., 
1986). 
Electron holography is coupled with recon-
struction of an object wave from the electron 
interferogram and measurement of the recon-
structed wave. Thus, the electron inter-
ferogram is the same as the electron hologram. 
However, to reconstruct the wave distribution 
without interference from the conjugate wave, 
the fringe spacing of the hologram is usually 
far less than that of the interferogram. 
Although this requires an electron gun which 
can give an illumination with higher spatial 
coherency, we can obtain more detailed infor-
mation quantitatively in many cases by using 
the techniques developed in optical holography. 
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Up to present, electron holography achieved a 
great success to measure the electromagnetic 
potentials in medium resolution. Although 
some works in high resolution have been re-
ported (e.g. Tonomura, Matsuda and Endo, 1979; 
Lichte, 1986), we have to say that the quality 
of the reconstructed image from the electron 
hologram is at present not so good as that of 
the corresponding electron micrograph taken by 
the same microscope. The next step of elec-
tron holography is thus to establish the tech-
nique to obtain a high quality reconstructed 
wave at atomic resolution and to realize 
Gabor's idea to break through the resolution 
limit achieved by present day electron micro-
scopes. 
Computer simulation 
At atomic resolution, the specimen behaves 
as a phase object for incident electrons. 
Therefore, phase information is expected to 
give a more direct description of the specimen 
structure. By electron holography, we can ob-
tain a phase distribution as well as an ampli-
tude distribution from a reconstructed wave. 
In order to see what we can expect from the 
phase distribution, we calculate wave func-
tions at some resolutions. Here, we use a 
model specimen of TiO2 Tetragonal, 
a=b=0.45937, C=0.29581 nm. Fig. 1 (a) and (b) 
show a potential distribution projected along c 
axis and its reciprocal lattice, respectively. 
Odd index reflections along both axes are ab-
sent, and titanium atoms only contribute to the 
reflections marked by small circles due to the 
specimen symmetry. Wave functions at several 
specimen thicknesses are calculated by the FFT 
multislice method (lshizuka and Uyeda, 1977) 
taking account of dynamical scattering effect. 
An accelerating voltage of 200 kV is assumed. 
We also assume the Scherzer resolution limit 
of 4.2 nm·1, which corresponds to the spheri-
cal aberration coefficient of 1.0 mm for this 
accelerating voltage. 
Fig. 2 shows the amplitude and phase distri-
butions of diffraction limited wave functions 
at the Scherzer resolution and at two other 
resolutions of 6.0 and 8.4 nm·1 corresponding 
to ✓ 2 and 2 times of the Scherzer resolution, 
respectively. These resolution limits are 
shown by the circles 1, 2 and 3 in Fig. 1 (b). 
The specimen thickness assumed is 10 unit 
cell, i.e. 2.96 nm. The phase distribution has 
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more resemblance to the specimen structure 
than the amplitude distribution at 6.0 or 8.4 
nm-1 resolution. The phase change between 
TiO2 clusters is almost zero in each figure, and 
shows dark contrast. The highest phase values, 
which appears at titanium positions in every 
image, are .33n, .42n and .73n rad in Fig. 2 (a), 
(b) and (c), respectively. Oxygen atoms can 
only be observed from the phase distribution at 
8.4 nm-1 resolution. The phase distribution 
calculated at one unit cell thickness for each 
resolution is approximately one tenth of the 
phase distribution at 10 unit cells. However, 
the amplitude distributions at one unit cell 
only show less than 1 % change from unity for 
every resolution. This small decrease in the 
amplitude results from excluding high fre-
quency component by the resolution limiting 
aperture. The images at higher resolution are 
expected from an ideal treatment of electron 
hologram at lower resolution by correcting the 
wave aberration. To do this, however, we have 
to estimate a spherical aberration coefficient, 
Figure 2 (at left): 
Amplitude and phase 
distributions of aberra-
tion free images (left 
and right columns). 
Accelerating voltage: 
200 kV, specimen 
thickness: 2.96 nm. 
Resolutions from top to 
bottom are 4.2, 6.0 and 
8.4 nm· 1 . Dynamical 
scattering amplitudes 
were calculated by using 
the FFT multislice 
method. 
Figure 3 (at right): Best 
focus images for three 
resolutions as in Fig. 2. 
Spherical aberration co-
efficients and defocus 
values of these images 
from top to bottom are 
1 .0 mm and 55 nm; 
0.25 mm and 27 .5 nm; 
and 0.0625 mm and 14 
nm. Note that the image 
contrast is closely re-
lated to the reversed 
phase distribution at 
each resolution shown 
in Fig. 2. 
Table 1 Resolution and Scherzer focus 
at 200 kV 
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Spherical Scherzer 
aberration Resolution Focus 
coefficient 
1.0 mm 4.2 nm-1 55 nm 
0.25 6.0 27.5 
0.0625 8.4 14 
a defocusing value and other aberration pa-
rameters at a high precision, which is difficult 
to obtain. 
In electron microscopy, the resolution will 
be improved by reducing the spherical aberra-
tion coefficient. Since the resolution will be 
improved as Cs 1 /4, the resolutions of 6.0 and 
8.4 nm-1 will respectively be obtained with 
one fourth and one sixteenth of the original 
spherical aberration coefficient (see Table 1 ). 
Fig.3 shows the best focus image (electron 
micrograph at Scherzer focus) for each of 
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Figure 4: (a) and (b): amplitude and phase 
distribution of the resolution limited wave 
function. Accelerating voltage: 200 kV, speci-
men thickness: 5.9 nm, resolution 8.4 nm-1. 
(c) and (d): simulated electron holograms with 
two different carrier directions. The carrier 
frequencies are respectively 26.2 and 27.7 
n m-1. Note that an abrupt phase change indi-
cated by the arrow in (b) results in irregular 
fringe patterns. 
these three resolutions. Here, partial co-
herency is included by envelope functions for 
an energy spread (1.5 nm) and a beam diver-
gence (2.5x1Q-5 rad). These images show 
qualitatively the phase distributions shown in 
Fig.2. This means that the specimen behaves 
as a phase object at this thickness (2.96 nm) 
and Zernike's phase plate has been approxi-
mately realized at Scherzer focus for each 
resolution limit. However, nonlinear effects 
and contrast reversals at atomic sites show up 
appreciably in Fig. 3 (b) and (c). Specifically, 
the contrast at oxygen is higher (darker) than 
that at titanium. This contrast reversal does 
not occur in the phase distribution at the same 
thickness as shown in Fig. 2. 
Thus, phase information is expected to be 
more valuable than amplitude or intensity in-
formation even at atomic dimension. However, 
the phases become indefinite when the ampli-
tudes at these points decrease to zero at cer-
tain specimen thicknesses. This may happen 






Figure 5: Phase diagrams illustrating phase 
discontinuity. Solid and dotted curves corre-
spond to regularly spaced vertical and hori-
zontal parallel lines of the complex amplitude 
distribution, where the amplitude approaches 
zero. Here, some lines show a phase change of 
21t, when the curves cross the negative side of 
the x axis. 
Fig. 4 (a) and (b) respectively show the ampli-
tude and phase distributions at a thickness of 
20 unit cells, i.e. 5.9 nm calculated at a reso-
lution of 8.4 nm-1 . The phase has been evalu-
ated as a value between -1t and +1t, and a phase 
difference of 21t has no physical meaning. In 
this figure, the phase of -1t and +1t corresponds 
to black and white, respectively. The phase 
change at the points between oxygen and tita-
nium atoms indicated by the arrow is more 
than 1t. It should be noted that the amplitude 
here approaches zero. In some case, we can 
add or subtract 21t to make the phase distri-
bution continuous. However, we never get a 
continuous phase distribution in this case. Fig. 
4 (c) and (d) show two simulated electron 
holograms with different carrier directions. 
The carrier frequencies for these image are 
26.2 and 27.7 nm-1, respectively. Irregular 
interference fringes appear at the places of 
such phase discontinuity. 
This phase discontinuity can be explained 
by using a phase diagram as in Fig. 5. Here, 
solid curves schematically show regularly 
spaced vertical parallel lines of the two-
dimensional wave function, while dotted 
curves correspond to horizontal lines. Here, 
the amplitude is zero at the point between 
vertical lines b and c and horizontal lines 2 
and 3. If the amplitude approaches zero, some 
of lines pass the other side of the origin with 
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respect to others. Then, some lines have a 
continuous phase, while others which cross 
the negative side of the x axis suffer a phase 
change of 21t. In the case where the amplitude 
exactly becomes zero at a certain point, we 
have a phase change of 1t by crossing the ori-
gin of the phase diagram. Thus, the phase 
distribution may have a discontinuity within a 
vary small region, when the amplitude ap-
proaches to zero. This phase discontinuity can 
not be eliminated by adding or subtracting 21t , 
or rotating the axis of phase diagram. It 
should be noted that the wave function is con-
tinuous in complex plane, and both the real and 
imaginary parts of the wave function have no 
discontinuity even in this case. Thus, the phase 
distribution does not always have a physical 
meaning. 
There are simple relations between the 
phase change and electromagnetic potentials 
(e.g. Feynman, Leighton and Sands, 1964). 
Here, the specimen is considered as a single 
layer phase object, and the exit wave function 
has the amplitude of unity everywhere. 
However, the phase discontinuity in the re-
constructed image from the real electron 
holograms may happen even for such a speci-
men, since the wave aberration may give the 
image of small amplitude at some points. It 
should be noted again that the phase disconti-
nuity may occur at the places where the am-
plitude approaches zero due not to the the 
computation error for phase calculation or the 
measurement problem from the bad signal-to-
noise ratio (S/N) of the hologram, but to dy-
namical scattering and/or the lens aberration. 
Holography vs Microscopy 
We discuss here electron microscopy and 
electron holography from an image processing 
point of view. There are many algorithms for 
processing electron micrographs, most of 
which assume a linear relation between an im-
age intensity l(r) and a complex object ampli-
tude <1>(r) suffered from an aberration: 
l(r) = I 1 +4>(r) 12 "' 1 +2Re[4>(r)] 
This linearity assumption will hold when an 
amplitude of the wave function after suffering 
aberration does not deviate so much from 
unity. Thus, the linearity in the image pro-
cessing depends on the resolution as well as 
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aberration. The processing algorithms usually 
assume the weak phase object approximation 
(WPOA). This approximation depends on ac-
celeration voltage and scattering power of 
materials, and will only be valid for very thin 
specimens. It should be noted that the ampli-
tude at the dark region of Fig. 3 (b) and (c) is 
less than 0.5. Thus, the linearity assumption 
becomes questionable even at 3 nm thickness. 
The "off-axis image hologram" H(r) will be 
recorded as an intensity distribution of a 
complex image amplitude 'l'(r) plus a reference 
wave exp(-ikr ) : 
H(r) = I exp(-ikr )+'l'(r) 12 
= 1+ lv(r)l 2 





Here, the complex image amplitude is the 
complex object amplitude plus an incident 
wave: 'l'(r) = 1+4>(r). By Fourier transforming 
the hologram, the second and third terms are 
shifted by a carrier frequency k in Fourier 
space. Thus, we can select one of the side-
bands, (+) or (-), if the carrier frequency is 
high enough to separate these three bands. 
Therefore, information obtained from a holo-
gram always has a linear relation with the 
complex amplitude. It is not necessary to as-
sume the weak phase object approximation: the 
scattering may be dynamical. 
By using electron holography, we can auto-
matically obtain an energy filtered image. The 
center-band corresponds to an electron mi-
crograph l'l'(r)l2 plus a constant distribution 
due to the reference wave, and does not have 
an energy filtering effect. However, the side-
bands are energy filtered due to interference 
between the reference wave and the image 
wave. The energy width of filtering is equal to 
the energy spread of incident electrons. Thus, 
information obtained from a side-band should 
have high contrast without any background due 
to inelastic scattering usually observed in an 
electron micrograph. An inelastic scattering 
event which will be filtered out is mainly 
plasmon loss. The mean free path for the 
plasmon loss is usually of the order of 100 nm 
(Egerton, 1986). Thus, for a thick specimen 
this energy filtering reduces the signal in-
tensity of the side-bands, and resu Its in the 
reconstructed image with a lower SIN com-
pared with the electron micrograph. 
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Figure 6: Observation of MgO crystal surface. (a) 
and (b): original hologram and its Fourier trans-
form. (c) and (d): amplitude and phase distribu-
tions of the reconstructed complex amplitude. (e): 
line trace of the phase distribution, in radian, at 
the surface. The scale bars in (a), (c) and (d) show 
1 nm, and the arrow in (b) indicates the carrier 
frequency of 29 nm- 1 . 
Another disadvantage of electron holo-
graphy is its high requirement for the spatial 
coherence of electrons. The wavefront divi-
sion holography usually requires very high 
spatial coherency for the reference wave to 
interfere with the object wave at the obser-
vation plane. Furthermore, Fresnel diffraction 
effect from a biprism filament results in non-
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processing difficult. To avoid this difficulty 
due to Fresnel diffraction, the interference 
region should be wider than a few tens of nm. 
Thus, a field emission gun is indispensable for 
electron holography. In the case of ordinary 
electron microscopy (CTEM), the requirement 
for spatial coherency is not so stringent, and a 
conventional thermionic gun has been com-
monly used for high resolution microscopy 
(lshizuka, 1986). 
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Figure 7: Filter processing of MgO crystal. (a) and (b): original hologram and its Fourier 
transform. (c) and (d): amplitude and phase distributions of the reconstructed complex 
amplitude. Note that the side-bands shown by the small circle are totally inside the center-
band indicated by the large circle. The scale bars in real and reciprocal spaces are 1 nm and 5 
nm-1, respectively. The arrows in (b) indicate the reflections used in reconstruction. 
Digital Processing 
The electron holograms were taken with 
Hitachi HF-2000 microscope operated at 200 
kV with a cold field emission gun. A negative 
of the hologram was digitized by a CCD camera 
into 512 by 512 pixels of 256 gray levels, and 
processed by a personal computer (an IBM 
PC/AT clone with Intel 80386 cpu). The main 
software we are using is SEMPER (Saxton, Pitt 
and Horner, 1979), and we have added some 
routines for processing the electron hologram. 
Fast Fourier transforms (FFT) were mainly 
performed by using an array processor of 20 
MFLOPS installed into the computer. 
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Observation of crystal surface 
The surface of the small magnesium oxide 
(MgO) crystal was observed by high resolution 
electron holography like a profile image tech-
nique(Tanji and Cowley, 1985). Fig. 6 (a) 
shows an electron hologram taken from MgO 
cube of approximately 100 nm. Here, [011] 
axis is parallel to the electron beam. Thus, 
the specimen is a wedge-shaped, and the 
thickness from right to left of this image is 
from 8 to 17 nm. The bi-prism is approxi-
mately parallel to (100) edge of the crystal. 
Fig. 6 (b) shows the amplitude of the spectrum 
of the hologram digitally calculated by FFT. 
The electron micrograph outside the inter-
ference band indicates that the hologram was 
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taken at a little bit over-focus. Thus, we cal-
culate the wave functions at several under-
focuses by propagating the reconstructed wave 
within the computer. The wave function ob-
tained by underfocusing 40 nm after the image 
reconstruction gives the most clear phase im-
age. The amplitude and phase distributions at 
this defocusing are shown in Fig. 6 (c) and (d), 
respectively. Here, no attempt was made to 
correct the spherical aberration. The phase 
distribution shows an asymmetry especially at 
thick region. This probably results from small 
misalignment of the crystal relative to the 
electron beam, as demonstrated by the asym-
metric spectrum distribution of the side-band 
shown in (b), and probably from an asymmetric 
wave aberration due to small misalignment of 
the optic axis. Fig. 6 (e) is a line profile of the 
phase distribution along the surface as shown 
in (d). We can clearly observe the surface with 
much less effect from Fresnel diffraction due 
to the specimen surface (Tanji et al., 1993). 
Abrupt contrast changes from black to 
white are observed within the crystal region 
of the phase distribution shown in Fig. 6 (d), 
especially at the thick region (left part). 
These contrast changes correspond to phase 
change from -n: to +n:. As explained above, we 
can find the points where the amplitude ap-
proaches to zero. Thus, we can not make this 
phase distribution continuous. This is partly 
due to an asymmetry of the reconstructed 
phase. However, the specimen is rather thick, 
and we can expect the phase discontinuity even 
from the hologram taken at the ideal condition 
as demonstrated above. 
Filter processing of MgO crystal 
Usually to separate the reconstructed wave 
from the other two terms in the case of a 
strong scattering object, the frequency of the 
interference fringe (carrier frequency) should 
be larger than three times of the resolution 
you want, as shown in Fig. 6 (b). However, if 
the specimen is a crystal, strong" Bragg re-
flections will occur. Then, information of the 
center-band and two side-bands will be local-
ized at lattice points. The lattices of the 
side-bands are identical to the center-band 
lattice at the origin, and shifted from the 
origin· to the side-band center. They do not 
coincide each other provided that either the 
direction or the periodicity of the carrier 
fringes is not commensurate with the crystal 
lattice. Thus, we can filter the side-band 
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information from the center-band in the case 
of a crystal specimen even when the carrier 
frequency is equal to the required resolution. 
Fig. 7 (a) and (b) show an electron hologram 
and its Fourier transform, respectively. Here, 
the carrier frequency is about the same as the 
resolution limited by the aperture indicated by 
the small circle in (b). Thus, the carrier fre-
quency does not satisfy the ordinary require-
ment to separate the side-band from the· 
center-band. However, the lattice of the 
center-band does not coincide with the lattice 
of the side-band, and we can easily filter out 
unwanted information. The amplitude and 
phase distributions of the reconstructed wave 
respectively shown in Fig. 7 (c) and (d) were 
obtained by filtering with masks of diameter 
of 0.95 nm-1 at each lattice point indicated by 
arrows in Fig. 7 (b). We have used Hanning 
window to reduce the effect of "leakage" 
(Brigham, 1974), which will become serious 
for a small mask in filtering. 
Now, we can produce a fine interference 
fringe of less than 0.03 nm, which will be 
sufficient to reconstruct the wave up to 0.1 
nm resolution (Tanji, Urata and lshizuka, 
1991 ). However, this filtering technique will 
find its application, because we can take the 
hologram at a lower magnification. Since a 
required magnification to take a hologram is 
determined by the highest spacing to be 
recorded, the magnification for this technique 
is one half of the ordinary treatment where 
the side-band is separated from the center-
band. 
Conclusions 
We investigate the possibility of electron 
holography at atomic resolution by computer 
simulations as well as by digital processing of 
electron holograms. It has been shown that 
the phase distribution has more resemblance 
to the specimen structure than the amplitude 
distribution. However, it should be noted that 
the phase becomes indefinite when the ampli-
tude decreases to zero due to dynamical scat-
tering. In terms of image processing, electron 
holography is more general than electron mi-
croscopy. However, the requirement for high 
spatial coherency makes high resolution elec-
tron holography difficult. 
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Discussion with Reviewers 
H. Lichte: What is the width of the hologram 
used to reconstruct the results given in Fig. 6? 
What is the maximum spatial frequency con-
tributing to the reconstructed wave? 
Authors: The magnification used to take the 
hologram is 900 k. The fringe spacing and the 
width of the interference band are 0.034 nm 
and 4.5 nm, respectively, on the specimen. 
Although the objective aperture used is 0.105 
nm, the maximum spatial frequency contribut-
ing to the side-band is 0.127 nm ([311] re-
flections). 
Reviewer: The phase discontinuity may be 
overcome by avoiding zero value of wave 
function. In numerical simulation, some meth-
ods, e.g. mask can have an amplitude not equal 
to zero. But does it have physical meaning? 
Authors: The phase discontinuity results 
from a basic characteristic of the wave when 
we describe the wave with the amplitude and 
phase. If the amplitude becomes to zero, the 
phase has no physical meaning. However, the 
fact that the amplitude approaches zero has 
the physical meaning. Therefore, even if we 
can make the amplitude not equal to zero by 
some methods, the resulting amplitude does 
not have the physical meaning. 
H. Lichte and D. Van Dyck: The authors said 
that the specimen behaves as a phase object 
for incident electrons at atomic resolution. 
This is not necessarily true. For instance, the 
case of Au columns, the phase object approxi-
mation breaks down even at a few nm thick-
ness and a noticeable amplitude modulation of 
the electron object wave is produced. 
Authors: In the phase object approximation, 
every part of the specimen modulates only the 
phase of the electron wave. However, the 
propagation of the modulated electron wave 
through the specimen results in the amplitude 
K. lshizuka, T. Tanji and A. Tonomura 
change. This is the heart of the physical op-
tics of Cowley and Moodie (Acta Cryst. (1957) 
10, 609). For instance, an optical lens con-
sidered as a phase object to the light produces 
the intensity modulation. Thus, the amplitude 
of the wave function may deviate from unity 
even for a phase object. Here, the single-
phase-object approximation breaks down but 
not the phase object approximation itself. 
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